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This article presents a newmotion encoding strategy to performmagnetic resonance elastography (MRE).
Instead of using standard motion encoding gradients, a tailored RF pulse is designed to simultaneously
perform selective excitation and motion encoding in presence of a constant gradient. The RF pulse is
designed with a numerical optimal control algorithm, in order to obtain a magnetization phase distribu-
tion that depends on the displacement characteristics inside each voxel. As a consequence, no post-
excitation encoding gradients are required. This offers numerous advantages, such as reducing eddy cur-
rent artifacts, and relaxing the constraint on the gradients maximum switch rate. It also allows to perform
MRE with ultra-short TE acquisition schemes, which limits T2 decay and optimizes signal-to-noise ratio.
The pulse design strategy is developed and analytically analyzed to clarify the encoding mechanism.
Finally, simulations, phantom and ex vivo experiments show that phase-to-noise ratios are improved
when compared to standard MRE encoding strategies.

� 2018 Elsevier Inc. All rights reserved.
1. Introduction

Magnetic resonance elastography (MRE) has become a standard
technique to visualize biological tissue displacements induced by
shear wave propagation. Mechanical properties of tissues can be
derived from the wave characteristics (wavelength, attenuation).
It was initially proposed to encode the tissue displacement in the
magnetization phase image by applying appropriate time varying
gradients after the radio-frequency (RF) excitation [1]. Considering
the simple case of pure sinusoidal excitation with no initial phase
and a displacement amplitude A, the accumulated phase of an
isochromat during the time s during which the gradient is applied
is given by:

UðxÞ ¼ c
Z s

0
GðtÞ � A sin �2pf et þ

2p
k

x
� �

dt ð1Þ

with x the direction of the wave propagation, c the gyromagnetic
ratio, GðtÞ the motion encoding gradient (MEG), k the wavelength
and f e the mechanical excitation frequency. The resulting phase
accumulation thus depends on the motion in the direction along
which the gradient is applied.

This gradient-based encoding strategy has been included into a
variety of MR sequences including gradient echo, spin echo and
echo planar imaging; and applied to a large variety of organs such
as liver [2], brain [3], heart [4], in both human and animal studies.
Improvements to enhance the phase encoding efficiency have also
been proposed. Fractional encoding consists in using only fractions
of the motion period to encode the wave propagation: sg < 1=f e,
with sg the gradient-encoding duration [5]. This improves the
phase-to-noise ratio for tissues with short relaxation times, as for
example in the healthy human liver (T2 � 34 ms at 3T [6]) or in liv-
ers of patients suffering from nonalcoholic steatohepatitis (TH

2 �
20 ms [7]). Multi-frequency approaches have also been proposed
to encode a motion containing multiple frequencies in a single
acquisition [8].

Optimal control theory has been proposed as an efficient RF
pulse design tool in MRI. It consists in determining the control,
i.e. the RF pulse, that brings the magnetization in a user-defined
target state, taking into consideration the dynamics of the system
to be optimized. It has mainly been investigated in the context of
robust excitation and refocusing [9–18], parallel transmission
[19–23], and contrast optimization [24–31]. The ability of optimal
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control theory to produce extremely efficient pulses that take
experimental variations into account makes it a valuable pulse
design strategy.

Control of the magnetization phase with optimal RF pulses was
investigated in the context of NMR [32,33], and applied to delayed
echo sequences in MRI [34]. Recently, the creation of non-trivial
phase patterns and preliminary applications on mechanical wave
encoding with optimal RF pulses were investigated [35]. A crucial
initial consideration was to describe the simultaneous application
of a constant gradient applied along z, and the wave propagation as
a static field variation:

xðiÞ
0 ðtÞ ¼ cBðiÞ

0 ðtÞ ¼ cG� A sinð�2pf et þ hðiÞÞ ð2Þ

where hðiÞ ¼ 2p
k xðiÞ, with xðiÞ representing a specific position along the

wave propagation. Using optimal control theory, tailored RF pulses
can be computed in order to introduce a specific dependence
between the position along the propagation of a given isochromat,
and its magnetization phase at the end of the RF application. As a
result, the wave characteristics will be contained in the phase of
the acquired MR signal. This offers several potential advantages
over standard MRE: (i) no phase accumulation step is required after
excitation which allows extremely short echo times (TE) and thus
potential SNR improvement especially for low-frequency encoding,
and (ii) it relaxes the constraint on having periodic gradient oscilla-
tions, thus avoiding fast gradient switches which introduce eddy
currents, and which can be a hardware limitation at high
frequencies.

This article aims at providing a thorough optimal control frame-
work for the computation of optimal RF pulses for MRE. The con-
trol problem formulation is simplified to produce time optimal
solutions that provide intuitive insight on the phase encoding
mechanism. Sections 2 and 3 introduce the optimal control theory
and the numerical implementation for the RF pulse computation.
Section 4 presents simulation results that quantify the theoretical
encoding improvement compared to the standard gradient-based
encoding. Finally, phantom and ex vivo acquisitions validate the
applicability of the proposed approach on a small-animal 4.7 T
MRI system. Superior phase-to-noise values are obtained com-
pared to the standard encoding scheme, emphasizing the advanta-
geous compromise between signal-to-noise ratio and phase
encoding offered by the proposed method.

2. Optimal control pulse design

2.1. Pontryagin maximum principle

The Pontryagin Maximum Principle (PMP) [36] provides a the-
oretical framework to compute the control function that optimizes
the evolution of a given dynamic system with respect to a user-
defined cost function. In the present case of a Mayer problem
[24], it is based on the definition of a pseudo-Hamiltonian

H ¼ P
!� _

M
!
, that must fulfill the maximization condition during

the whole control time:

HðMH
�!

; PH
�!

;UHÞ ¼ max
U2X

HðMH
�!

; PH
�!

;UÞ ð3Þ

with X the set of admissible controls, M
!

and P
!

respectively the
state and costate variables and U ¼ ux; uy

� �
, the control field.

Moreover, the optimal state and costate variables fulfill the
Hamiltonian equations:

_
M
!¼ @H

@ P
! ;

_
P
!¼ � @H

@M
! ð4Þ

with the boundary conditions, which in our case reduce to:
M
!ðt0Þ ¼

0
0
M0

0
B@

1
CA; P

!ðtf Þ ¼ � @C

@M
!ðM!ðtf ÞÞ ð5Þ

Here, C represents the user-defined cost function and [t0; tf ] the
control time interval.

In the present study, the state variable is the magnetization vec-
tor, whose evolution is governed by the Bloch equations:

_Mx

_My

_Mz

0
BBB@

1
CCCA ¼

� 1
T2

x0 �uy

�x0 � 1
T2

ux

uy �ux � 1
T1

0
BBBB@

1
CCCCA

Mx

My

Mz

0
BBB@

1
CCCAþ

0

0

M0
T1

0
BBB@

1
CCCA ð6Þ

withx0 the resonance offset,M0 the equilibriummagnetization and
ux; uy
� �

respectively the x and y components (in the rotating frame
of reference) of the RF pulse to be optimized.

The PMP, as stated here, defines a non-trivial system of coupled

equations with fixed boundary conditions at initial time for M
!

and

final time for P
!
, that can be solved with various numerical opti-

mization strategies [17,37].

2.2. Numerical resolution

The GRAPE algorithm is a gradient descent based algorithm ini-
tially introduced for Nuclear Magnetic Resonance optimal pulse
design [37]. It aims at computing the optimal RF pulse and magne-
tization trajectories that fulfill the aforementioned optimality con-
ditions. Starting from an initial guess, the control field is iteratively
updated to improve the cost function at each step, while fulfilling
the constraints imposed by the PMP. The gradient calculation is
based on the forward propagation of the magnetization, and the
backward propagation of the costate state as was proposed in
the initial implementation [37]. The basic version of the algorithm
can be summarized in the following steps:

1. Choice of the initial control field Uð0Þ

2. Forward propagation of M
!ðtÞ from t0 to tf

3. Backward propagation of P
!ðtÞ from tf to t0

4. Update of the current control field from the previous
estimation:
Uðkþ1Þ ¼ UðkÞ � a
@C
@U

with a > 0, the convergence step.
5. Repeat steps 2 to 4 until convergence is reached.

Note that the convergence scheme can be improved by using a
second order approximation via the implementation of a lBFGS
method [38]. Convergence is considered reached when the gradi-
ent norm or the step norm are below a given threshold, set to
10�8 in this study.

2.3. Cost function

A judicious definition of the cost function is essential to ensure
that the optimization process fits the problem at stake. A simple
choice consists in minimizing the square of the L2-norm of the dif-

ference between the final magnetization states M
!ðiÞðtf Þ, and user-

defined target states T
!ðiÞ:

CðUÞ ¼
XN
i¼1

kM!ðiÞðtf Þ � T
!ðiÞk2 ð7Þ
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with N the total number of considered magnetization trajectories.
As pointed out in Eq. (2), the temporal evolution of each magnetiza-

tion vector (i.e. its trajectory M
!ðiÞðtÞ) results from a specific static

field evolution BðiÞ
0 ðtÞ. The target states are chosen as:

T
!ðiÞ ¼ q

cosðUðiÞÞ
sinðUðiÞÞ

0

0
B@

1
CA ð8Þ

with UðiÞ the targeted magnetization phase, and q the magnetiza-
tion amplitude. The objective is to introduce a specific dependency
between the position of the isochromat along the wave propaga-

tion, and the magnetization phase: hðiÞ ! UðiÞ
� �

, while maximizing

the transverse magnetization norm at the end of excitation
ðq ¼ 1Þ. In practice, the optimization problem is tackled using a
finite number of phase steps in the interval h 2 0; 2p½ ½. Section 3
presents a simplified optimization example to illustrate that under
certain conditions, it is possible to converge towards a pulse that
continuously encodes the wave propagation inside the magnetiza-
tion phase using only N ¼ 2 trajectories.

2.4. Slice selectivity

The simultaneous application of a gradient and a RF pulse
implicitly imposes that frequency selectivity must be handled. This
is taken into account in the optimization problem by considering
isochromats located at different positions in the slice (zðjÞ), i.e. at
different resonance offsets. As a consequence, Eq. (2) becomes:

xði;jÞ
0 ðtÞ ¼ cG A sinð�xet þ hðiÞÞ þ zðjÞ

� �
ð9Þ

Different target states will thus be attributed whether the con-
sidered isochromat is located in the passband (Dzin) or in the stop-
band (Dzout), as illustrated in Fig. 1. The passband is related to the
desired slice thickness inside which the motion must be consis-
tently encoded in the magnetization phase. Isochromats lying in
the stopband are attributed a magnetization target state corre-
sponding to the equilibrium state. As a final step, a low-pass filter
(typically a Blackman window) is applied to the pulse with a cut-
off frequency set to the corresponding maximum value of Dzout .
This ensures that the pulse does not significantly affect magnetiza-
tion trajectories lying beyond Dzout , while preserving the pulse con-
tent inside Dzin.

In practice, the passband and the stopband are discretized to
perform the numerical optimization. The cost function defined in
Eq. (7) becomes:

CðUÞ ¼
XJ

j¼1

XN
i¼1

kM!ði;jÞðtf Þ � T
!ði;jÞk2 ð10Þ
Δzout Δzin Δzout
z

M⊥

Fig. 1. Ideal slice profile.
with T
!ði;jÞ ¼ q cosðUðiÞÞ; sinðUðiÞÞ; 0

� �0
if j 2 Dzin, and T

!ði;jÞ ¼ 0; 0; 1ð Þ0

if j 2 Dzout .
In a first step, the pulse is optimized by considering trajectories

on resonance only (J ¼ 1, i.e. at z ¼ 0). The position range J is then
iteratively increased until the entire interval is considered. The dis-
cretization period is set to 25 Hz, i.e. the optimization process con-
trols magnetization trajectories whose resonance offsets are taken
every 25 Hz. This value was chosen as a good compromise between
the number of controlled trajectories and the control consistency,
i.e. the consistent behavior of the isochromats lying within the
25 Hz interval.

3. Theoretical development

3.1. Framework

Let us consider two isochromats with infinite relaxation times,
submitted to the simultaneous application of a periodic mechani-
cal excitation and a constant gradient. They are distant by a quarter
of a wavelength, i.e. hð1Þ ¼ 0 and hð2Þ ¼ p=2, situated at the slice
center (z ¼ 0), i.e. without frequency offsets. Their corresponding

magnetization trajectories are: M
!ð1Þ and M

!ð2Þ. They are attributed
arbitrary magnetization target phases: Uð1Þ ¼ 0 and Uð2Þ ¼ p=2.

The control field is optimized with respect to the previously
defined cost function (Eq. (7)). Note that the optimized control field
is assumed to have only real values. It will be subsequently verified
that this does not restrict the phase encoding performance.

3.2. Results

The optimized pulse and both resulting magnetization trajecto-
ries are given in Fig. 2. Interestingly, the solution returned by the
numerical optimization process can be intuitively interpreted. An
initial p=2-pulse transfers the magnetization into the transverse
plane, followed by p-pulses applied every se=2, with se ¼ 1=f e. At
the end of the pulse, both magnetization trajectories have reached
their target states, resulting in a relative phase difference of p=2
between both isochromats. Isochromat 1 accumulates some phase
during the pulse because each p-pulse is synchronized with the

sign switches of the static field Bð1Þ
0 . On the other hand, the phase

accumulated by isochromat 2 is null since the p-pulses are applied

when Bð2Þ
0 reaches its extrema: the phase accumulated during a

half-period is canceled during the following half-period.

3.3. Analytical pulse analysis

An analytic description of the phase encoding mechanism can
be performed with the following assumptions: (i) both isochro-
mats have the same phase after the application of an ideal p=2-
pulse (without loss of generality, this initial phase is set to 0),
(ii) p-pulses are ideal and instantaneously applied every se=2,
(iii) infinite relaxation times are considered. In this context, exact
solutions of the Bloch equations can be written between each p-
pulse:

_MxyðtÞ ¼ �ix0ðtÞMxyðtÞ
MxyðtÞ ¼ Ke�icAGxe

cosð�xetþhÞ ð11Þ

withMxyðtÞ ¼ MxðtÞ þ iMyðtÞ the complex magnetization, c the gyro-
magnetic ratio, x0ðtÞ representing the static field temporal evolu-
tion defined in Eq. (2), and K 2 C a constant term determined
with the adequate boundary condition. At t ¼ s�e =2 (before the
application of the first p-pulse), this leads to:



Fig. 2. Illustration of the intuitive RF pulse obtained in the ideal case. Top left: Static field variations perceived by isochromat 1 (blue) and 2 (red). Bottom left: Magnitude of
the optimized B1 pulse. A p=2-pulse followed by a train of 4 p-pulses applied every se=2 consistently encodes the mechanical wave propagation into the magnetization phase.
Right: Corresponding magnetization trajectories during the application of the B1 pulse. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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Mxy
s�e
2

� �
¼ Mxyð0ÞeiU

with U ¼ cAGse
p cos h;Mxyð0Þ the initial magnetization at t ¼ 0, and

taking into account that xe ¼ 2p=se.
The application of a refocusing p-pulse applied along the axis

defined by the phase Up can be expressed by adding the following
exponential term:

Mp
xy

sþe
2

� �
¼ Mxyð0ÞeiUe2iðUp�UÞ

TakingMp
xy

sþe
2

� �
as the initial condition of the free magnetization

evolution from sþe =2 to s�e , it is now possible to write Eq. (11) as:

Mxyðs�e Þ ¼ Mxyð0Þe2iðUp�UÞ

which can be generalized as:

Mxy
Ns�e
2

� �
¼ Mxyð0Þeð�1ÞN�1 iNUe2ið�1ÞN�1

PN�1

n¼1
ð�1ÞnUðnÞ

p ð12Þ

with N 2 N, and UðnÞ
p the phase of the n-th p-pulse. The second

exponential term only adds a constant phase term to the wave
encoding phase term contained in the first exponential. For simplic-
ity, and without affecting the phase encoding performance, it can be

chosen to set UðnÞ
p ¼ 0; 8n

n o
, i.e. applying all p-pulses along the x-

axis, which reduces Eq. (12) to:

Mxy
Ns�e
2

� �
¼ Mxyð0Þeð�1ÞN�1 iNU ð13Þ

In terms of implementation, this implies that only the real coef-
ficients of the pulse need to be optimized, which reduces the
dimensionality of the optimization problem by 2. This also vali-
dates the initial choice of a real pulse in part 3.1.

Finally, it can be shown that these results hold regardless of the
position z in the slice, if and only if an even number of p-pulses is
applied. The generic phase accumulation, considering the z depen-
dence in the static field variation (Eq. (9)), can be expressed as:
Mxy
Ns�e
2

� �
¼ Mxyð0Þe�iNU; if N is even

Mxyð0ÞeiNUe�icGzse2 ; if N is odd

(
ð14Þ

This equation points out that when p-pulses are applied every
half-period, phase coherence within the slice is preserved only if
N is even, i.e. when t is a multiple of se.
3.4. Interpretation

It is quite remarkable to notice that the phase accumulation
term of Eq. (13) corresponds to the expression obtained with the
standard gradient-based (G-B) approach [1]. In the present case,
the p-pulses play the same role as the gradient polarity switches.
The proposed encoding mechanism thus shares some similarities
with the G-B scheme:

� a mechanical wave attenuation results in a lower accumulated
phase value

� the encoding mechanism is independent of the wavelength
� similar images can be used as inputs for post-processing algo-
rithms used for the derivation of the sample’s mechanical
properties

However, significant differences can be noted between both
schemes. The tissue displacement is encoded without oscillating
gradients, avoiding eddy current effects usually induced by fast
gradient switches, and relaxing the maximum gradient switch rate
constraint.

The simultaneous application of the RF pulse and a constant
gradient imposes (i) that the optimized pulse has a frequency
selective profile, and (ii) that only motion perpendicular to the
slice orientation can be encoded.

Both schemes also differ in the way post-excitation T2 signal
loss is handled. The G-B scheme inevitably loses signal during
the gradient-based encoding step. On the other hand, as relaxation
is incorporated into the magnetization evolution model (see Eq.
(6)), the pulse optimization process optimally balances the effect
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of excitation, relaxation and phase encoding, and allows signal
acquisition at minimal TE. As a consequence, the theoretical
p=2;p-pulse train scheme is altered and tailored to fit the specific
dynamic evolution of the considered problem. The theoretical
phase encoding improvement compared to the standard accumula-
tion scheme is quantified in next section.

4. Results

4.1. Simulation framework

This section quantitatively compares the phase encoding effi-
ciency obtained with the proposed RF-B and the standard G-B
schemes. The comparison is performed on wide ranges of parame-
ters that have a significant impact on the encoding process. The
considered parameters are:

� T2 values ranging from 10 to 100 ms, which impacts the signal
decay before acquisition and thus the SNR.

� the excitation frequency f e, which varies from 50 to 800 Hz. The
higher the frequency, the shorter the encoding time for a given
number of encoding periods.

� the static field variation amplitude, i.e. the product: P ¼ A� G.

The comparison metric is given as a ratio RðUÞ ¼ SRF
SGB

ðUÞ, where

SRF and SGB respectively represent the transverse magnetization
Fig. 3. Distribution of the gain ratio R, for various values of T2; f e and a fixed product
P ¼ 0:8lT.

Fig. 4. (a) RF pulse amplitude optimized for T2 = 10 ms and f e = 400 Hz (b) Magnetization
of the RF pulse optimized for T2 = 10 ms (c) Magnetization trajectories of both isochrom
account for T2 relaxation. The squares highlight the final magnetization states.
norm for the proposed RF-based and the standard gradient-based
encoding schemes, at the time when a given phase term U is
reached between two isochromats situated at different phase
steps: hð1Þ and hð2Þ ¼ hð1Þ þ p=2. In other words, ðRðUÞ > 1Þ signifies
that the RF-B method leads to higher SNR than the G-B method for
a similar amount of encoded phase. SRF is the transverse magneti-

zation norm of M
!ð1Þðtf Þ, when convergence is reached:

SRF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mð1Þ

x

� �2
þ Mð1Þ

y

� �2
r

The corresponding phase accumulation term Ut is derived, and
SGB is computed as:

SGB ¼ e�tU=T2 with tU ¼ Utp
2cAG

where tU represents the duration required to encode, with oscillat-
ing gradients, the same amount of phase Ut . It quantifies the post-
excitation T2 decay that occurs during the gradient encoding pro-
cess. Note that T2 is considered, and not TH

2 , which means that the
presented results hold for refocused excitation schemes only. It is
also considered that the effect of T1 is negligible, and that p-
pulses and gradient switches are both ideal and instantaneous.

A plot that illustrates the distribution of the gain ratio R, for var-
ious values of T2, and f e and a fixed product P ¼ 0:8lT is given in
Fig. 3. It is clear that the impact of the proposed scheme is higher
for short T2 values and low excitation frequencies. The gain ratio
steadies for excitation frequencies above 200 Hz, keeping a value
of around 1:2 for short T2. On the other hand, R asymptotically goes
to 1 as T2 increases. This illustrates the ability of the RF-B scheme
to efficiently intricate excitation, relaxation and phase encoding
when quick signal loss occurs and when long encoding periods
are required. An example of a RF pulse optimized for T2 ¼ 10 ms
and f e ¼ 400 Hz is given in Fig. 4a. The magnetization trajectories
of two isochromats, having both a T2 of 10 ms, and a phase differ-
ence of p=2 along the wave propagation are illustrated in Fig. 4b.
As a comparison, Fig. 4c illustrates the magnetization trajectories
of the same isochromats, obtained with a pulse that does not
account for T2 relaxation, i.e. the ideal p=2-Np pulses scheme pre-
sented in the previous section. Comparing the final magnetization
states in Fig. 4b and c shows that taking the relaxation into account
leads to lower phase accumulation but significantly higher signal.
This validates the ability of optimal pulses to efficiently balance
the phase accumulation and the signal level.
trajectories of both isochromats having a T2 of 10 ms, resulting from the application
ats having a T2 of 10 ms, resulting from the application of the ideal RF that does not



Fig. 5. Gain ratio evolution with respect to various values of P ¼ A� G, for a T2

value fixed at 15 ms.
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As a last parameter, the effect of P is studied. Fig. 5 shows the
distribution of R for various values of P, with respect to the excita-
tion frequency for a fixed value of T2 = 15 ms. As could be expected
the gain ratio decreases when P increases: for large values of P,
fewer encoding cycles are required to accumulate a given amount
of phase, which limits the signal loss after excitation. This also
indicates that the RF-B scheme is advantageous in the presence
of low motion amplitudes and on MR systems with limited gradi-
ent amplitudes. This could also benefit applications where strong
attenuation of the wave occurs during the propagation. Next sec-
tions present phantom and ex vivo experiments in order to evalu-
ate if such results can be confirmed on a practical MR acquisition.

4.2. MRE experiments

4.2.1. Experimental set-up
All experiments were performed on the same Bruker 4.7 T MRI

system, with a 70 mm inner diameter volume coil. Shear waves
were generated using a custom-made device maintaining the med-
ium between two plates [39]. The upper plate is fixed while the
lower one is activated by a piezoelectric actuator (CEDRAT Tech-
nologies). A standard plastisol phantom was prepared (Plastileurre
Standard, Bricoleurre, France) for the experiment. Ex vivo experi-
ments were performed on two different rectangular slabs of the
same veal liver. Ex vivo tissues were used to determine if observa-
tions similar to those from the phantom can still be made with
more complex media. To fit at best into the mechanical excitation
system which is adapted to media with parallel surfaces, liver tis-
sues needed to be cut accordingly. Two liver pieces are used in
order to test the reproducibility of the results on different samples.
Although their relaxation times are considered equal, it is likely
that their mechanical properties and positioning on the mechanical
Fig. 6. Phantom results obtained with the RF-B scheme. (a) Magnitude image of the plast
the SNR computation. (b) Corresponding raw phase image showing the motion encoding.
Line profile of R3 after one-dimensional unwrapping.
excitation set-up will vary, which will induce differences in the
wave propagation characteristics. T1 and T2 values were estimated
with a mono-exponential fit of the water signal recovery and decay
respectively, using a localized PRESS sequence acquired at various
TR and TE. The corresponding values are ½T1; T2� = [300, 25] ms for
the plastisol phantom, and [650, 23] ms for the liver samples. In all
acquisitions, the excitation frequency was set to f e ¼ 400 Hz, and
the motion encoding gradient was set to G ¼ 0:15 T=m. Four differ-
ent phase offsets (equidistant over one cycle) have been acquired,
giving four different snapshots of the wave propagation through
each medium. The MR sequence was a turbo spin-echo sequence
with an acceleration factor of 2, TR ¼ 1500 ms;
FOV ¼ 3:5� 3:5 cm2;NA ¼ 1. The matrix size was set respectively
to ð64� 64Þ and ð128� 128Þ for the ex vivo and the phantom
experiments. A standard turbo spin-echo MRE sequence (G-B)
was implemented, using an equal number of sinusoidal gradient
periods before and after the refocusing p-pulse. A maximum of 8
encoding periods was used, since greater values yielded images
with impractical SNR values.

The objective of this study is to compare the phase encoding
efficiency of the proposed RF-B scheme versus the standard G-B
scheme for various numbers of encoding gradient periods (NG).
The comparison metric is defined as the product between the
SNR and the maximum phase variation amplitude D, in order to
quantify the phase-to-noise ratio (PNR):

PNR ¼ SNR � D ð15Þ
The SNR is computed as the ratio between the average magni-

tude of a region included in the phantom (R1 in Fig. 6a), and the
standard deviation of a region containing background noise (R2

in Fig. 6a). The maximum phase variation amplitude is obtained
from the phase image, by computing the amplitude ðDÞ of a line
going through the wave propagation pattern (R3 in Fig. 6b). A line
profile is illustrated in Fig. 6c. If necessary, a one-dimensional
unwrapping is performed on the extracted line to compute the
exact amplitude variation, as for example in Fig. 6c. Note that all
PNR computations are performed at the same phase offset of the
wave propagation, on similar regions of interest, and using as
many similar sequence parameters as possible.
4.2.2. Optimal Pulse generation
The RF pulse was optimized for an excitation frequency of

400 Hz, a T2 value of 20 ms, and a duration of 13.8 ms, which cor-
responds to 5.5 motion periods. A decimal number of period is
used in order to allocate some time for the initial p=2-pulse. The
pulse amplitude was bounded during the optimization at 2 kHz
(47 lT) in order to fit the RF amplifier power requirements. Slice
selectivity parameters ðDzin; DzoutÞ are set in terms of bandwidth,
with respect to the chosen gradient value. The slice bandwidth
isol phantom. R1 and R2 respectively represent the signal and noise regions used for
R3 represents the line along which the maximum phase variation D is computed. (c)
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Df in interval is set to ½�3; 3� kHz (corresponding to
Dzin ¼ 0:93 mmÞ, and the outer bandwidth interval is set to
�½4; 13� kHz. The final low-pass filtering is performed with a Black-
man window with a full width at a half maximum set to 10 kHz.
The total duration of the optimization process is around 50 h on
a 8-core, 3.1 GHz personal laptop.

The pulse magnitude is displayed in Fig. 7a. A simulated slice
profile can be computed by integrating the transverse magnetiza-
tion inside voxels aligned in the slice selective gradient direction.
The simulated slice profile is illustrated in Fig. 7b. The slice profile
of the ex vivo experiment (liver 1) is presented in Fig. 7c. This
image is obtained by acquiring a plane orthogonal to the excited
slice. The row by row signal integration of this image provides an
average slice profile shown in Fig. 7d, which can be compared
with the simulated profile of Fig. 7b. A reasonable match is
observed, demonstrating correct in-slice homogeneity and selec-
tivity for the selected resolution parameters. It can be noticed
however that the acquired profile is slightly thinner than the sim-
ulated profile.
Fig. 7. (a) Magnitude of the optimized RF pulse. (b) Simulated slice profile with the resol
experiment (liver 1). (d) Row by row signal integration of the acquired slice profile. Dot

Fig. 8. Comparison between the RF-B scheme and a standard G-B MRE, for different e
samples). (a) Normalized phase amplitude variation along R3. Normalized SNR (b) and P
4.2.3. PNR Comparison
The comparison of the phantom and ex vivo experiments are

presented in Fig. 8. It compares the phase variation amplitude
ðD), the SNR and the resulting PNR obtained with the RF-B scheme
and the G-B scheme for different values of NG. Note that the plotted
results are normalized to facilitate the comparison between exper-
iments. As an illustration, the normalized SNR (noted SNR), of a
specific experiment denoted by the index i is computed as:

SNRi ¼ SNRi

maxðSNRjÞ
for j ¼ 1; . . . ;Ne the index running through all Ne experiments.

As could be expected for the G-B acquisitions, D increases with
NG since a longer duration is used for motion encoding. Note, how-
ever, that NG ¼ 6 results in higher values of D in both liver exper-
iments, probably due to the very low SNR in images produced
with NG ¼ 8. On the other hand, using more NG increases the TE,
which as a consequence lowers the SNR. In terms of PNR, using
NG ¼ 6 seems to offer the best compromise although it is less
ution parameters used during the acquisition. (c) Acquired slice profile of the ex vivo
ted lines illustrate the theoretical slice thickness (0.93 mm).

ncoding periods numbers (NG) for both phantom and ex vivo experiments (Liver
NR (c).



Fig. 9. (a)–(c) Unwrapped masked phase images of the ex vivo experiment (liver 1) obtained with (a) the G-B scheme with 2 encoding periods, (b) 6 encoding periods, and (c)
the proposed RF-B scheme. (d)–(f) Unwrapped masked phase images of the phantom experiment obtained with (d) the G-B scheme with 2 encoding periods, (e) 6 encoding
periods, and (f) the proposed RF-B scheme.
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obvious for the phantom study. This is due to the consistently high
values of D, and reasonable SNR values obtained in all experiments.

For both phantom and ex vivo experiments, the proposed RF-B
scheme is able to produce relatively high values of Dwhile yielding
the best SNR. As a result, the PNR is consistently superior to the G-
B scheme, regardless of NG. This is in good agreement with the sim-
ulation results of the previous section when low T2 values were
considered. In particular, Fig. 8 shows that similar amplitude vari-
ations are obtained with the RF-B scheme and the G-B scheme with
NG ¼ 6. However, the SNR results obtained with the RF-B scheme
are consistently higher than those obtained with the G-B scheme
with NG ¼ 6. As an illustration, the corresponding phase images
obtained on the ex vivo (liver 1) and on the phantom experiments
are shown in Fig. 9. They validate the ability of the proposed
scheme to produce images with both high SNR and high phase
accumulation.
5. Discussion

This article proposes an innovative method to encode the shear
wave propagation into phase images by simultaneously applying a
tailored RF pulse and a constant gradient. Unlike standard MRE, no
post-excitation oscillating gradients are required, which limits
eddy currents and allows extremely short echo times. Having short
TE is advantageous in MRE since it minimizes the effect of magne-
tization coherence loss due to field inhomogeneities, and thus T2 or
TH
2 decay. This also limits systematic phase errors when gradient-

echo sequences are used, avoiding the need for opposite polarity
acquisitions. As static field inhomogeneities are considered and
compensated during the optimization process, the proposed
scheme will produce comparable results for spin-echo and
gradient-echo sequences.

The RF based encoding framework induces some practical
changes that must be considered during the acquisition. It imposes
that the encoded motion is perpendicular to the slice orientation,
which limits the flexibility of the current implementation. It also
increases the SAR deposition and long TR will have to be consid-
ered in order to lower the average power deposition.

Ideally, a new pulse needs to be optimized for every specific
application (specific T2 value, excitation frequency, gradient and
motion amplitudes). It is expected that the optimized pulses will
not be robust to deviations from the selected excitation frequency.
However, variations around the other parameters will likely have a
much smaller influence. Taking this into consideration might allow
to build a pulse dictionary of reasonable size, from which a dedi-
cated pulse will be selected to perform a specific acquisition.

Future work will focus on releasing the slice orientation con-
straint, and investigating multi-frequency excitation. The fre-
quency selectivity will also be improved to (i) reduce the number
of controlled trajectories, and (ii) limit outer slice interferences
that might affect the encoding efficiency. Finally, pre-clinical
in vivo studies on rat livers will be conducted in order to evaluate
the encoding benefit of the RF-B scheme.
6. Conclusion

This study presents a new motion encoding mechanism, based
on the simultaneous application of a tailored RF pulse and a con-
stant gradient. The RF pulse is designed with a numerical optimal
control algorithm which manipulates the magnetization towards a
target state that specifically depends on the phase of the wave
propagation. The optimized RF simultaneously performs frequency
selective excitation and motion encoding. The encoding mecha-
nism can be intuitively understood and is described analytically.
It is based on a p=2-pulse followed by an even number of p-
pulses applied every half-period of the motion. Computing
problem-specific RF pulses (considering relaxation times) allows
to increase the phase-to-noise ratio on simulation, phantom and
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ex vivo experiments when compared to standard MRE sequences.
Motion sensitivity seems to be especially improved for low gradi-
ent and/or low motion amplitudes, which could prove to be advan-
tageous for limited gradient systems or highly attenuated motion.
The proposed approach allows short TE which both limits T2 signal
decay and static phase errors, responsible for undesired phase
terms when not refocused (i.e. for gradient-echo sequences).
Finally, getting rid of oscillating gradients reduces eddy current
artifacts in the acquired image, and allows to relax the constraints
on maximum gradient switch rate, which could facilitate the appli-
cation of high-frequency MRE.
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