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This paper investigates the use of Optimal Control (OC) theory to design Radio-Frequency (RF) pulses that
actively control the spatial distribution of the MRI magnetization phase. The RF pulses are generated
through the application of the Pontryagin Maximum Principle and optimized so that the resulting trans-
verse magnetization reproduces various non-trivial and spatial phase patterns. Two different phase pat-
terns are defined and the resulting optimal pulses are tested both numerically with the ODIN MRI
simulator and experimentally with an agar gel phantom on a 4.7 T small-animal MR scanner. Phase
images obtained in simulations and experiments are both consistent with the defined phase patterns.
A practical application of phase control with OC-designed pulses is also presented, with the generation
of RF pulses adapted for a Magnetic Resonance Elastography experiment. This study demonstrates the
possibility to use OC-designed RF pulses to encode information in the magnetization phase and could
have applications in MRI sequences using phase images.

� 2017 Elsevier Inc. All rights reserved.
1. Introduction

Magnetic Resonance Imaging (MRI) techniques using the phase
instead or in addition to the magnitude of the MR signal are
increasingly developing. Phase images provide valuable informa-
tion in various MRI applications, as for example information on
flow velocity [1] (phase-contrast cine MR imaging), magnetic sus-
ceptibility [2] (Susceptibility Weighted Imaging), viscoelastic prop-
erties [3] (Magnetic Resonance Elastography, MRE) or temperature
[4] (MRI thermometry). Other phase-based sequences, such as Dif-
fusion Tensor MRI (DTI) [5], use spin phase shift to modify the sig-
nal intensity and thus extract information from signal attenuation.
In these phase-based MRI techniques, the phase-encoding process
is mainly handled with gradients, which often present physical
limitations such as maximum amplitude or switching rate. For
example, strong gradients are typically used in DTI sequences,
and their switching induce eddy currents [5]. This can cause geo-
metrical distortions and therefore lead to significant errors in the
estimation of diffusion parameters. In MRE, motion-encoding gra-
dients typically oscillate at the same frequency as the harmonic
motion induced in the tissue. However gradient commutations
are physically limited by the slew rate of the gradient system
and therefore high frequencies are not achievable: standard clini-
cal systems can hardly encode wave motion for frequencies higher
than 1 kHz.

The objective of this paper is to present a novel approach, exclu-
sively based on RF pulses designed with Optimal Control (OC) the-
ory in combination with a constant gradient, to encode the phase
information. Magnetization phase is actively controlled, spatially
and temporally, during the application of the RF pulse. The main
benefit of this approach lies in the fact that the phase information
is encoded during the excitation process: the signal can be imme-
diately acquired after the application of the RF pulse, with extre-
mely short TE values. By comparison, classical approaches for
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phase-encoding use post-excitation gradients, and thus suffer from
T2 or TI

2 signal decay before acquisition.
Phase control with RF pulses has been investigated in some

studies on selective pulse design. Shinar Le Roux (SLR) pulses
[6,7] can generate for example a quadratic phase pattern with
the design of a FIR filter. Carlson [8,9] used Inverse Scattering The-
ory (IST) to design selective excitation pulses and control the phase
distribution. The latter work aimed at finding a method to design
pulses that give a flat phase distribution and that remove non-
linear phase contributions. Both semi-analytical solutions (SLR
and IST) are no longer applicable when there is a dynamic pertur-
bation of the magnetic field, as in MRE. Moreover, these pulse
design methods cannot fully control the phase distribution in the
Bloch sphere.

The use of OC for RF pulse design in MRI has already been per-
formed in different contexts [10]: we can mention studies on
robust (regarding field inhomogeneities) excitation and refocusing
[11–14], contrast optimization [15–18] or parallel transmit
[19–21]. The possibility to control the phase with OC has been
mentioned and investigated in NMR studies [22,23] and has been
applied to create delayed echo sequences in MRI [24]. However,
the use of OC pulses to create a controlled macroscopic spatial
phase distribution for imaging applications has never been
explored. As a proof-of-concept, in this paper, RF pulses are
designed to achieve different non-trivial and spatial phase pat-
terns, represented as different target-states in the transverse plane
of the Bloch sphere (Section 3). These RF pulses are, in a second
step, integrated into classical MRI sequences: simulations with
the Object Oriented Development Interface for NMR (ODIN) [25]
(Section 4) and experiments on a small-animal MRI scanner
(Section 5) with an agar phantom are performed.

An application of phase control with OC pulses is also presented
in this article, to illustrate a practical application of RF-based
phase control. An MRE experiment is performed, in which the
wave propagation is directly encoded in the phase image with
the optimal RF pulse and a constant gradient. Unlike the classical
approach, no post-excitation Motion-Encoding Gradients (MEG)
are required.

A method for motion detection without oscillating MEG, has
already been proposed in a previous paper [26]. This method is
principally based on a hardware development, with a RF field gra-
dient obtained from a ladder-shape coil, and can detect a mechan-
ical vibration (and its direction, frequency and amplitude) but does
not give a 2D phase image showing wave propagation. Our
approach (optimal RF and constant gradient) aims at yielding
results similar to those obtained from standard encoding scheme
with oscillating gradients.

2. Method: optimal control theory

2.1. Optimal control theory framework in MRI

Optimal control theory, with the application of the Pontryagin
Maximum Principle (PMP) [27], enables the computation of the
optimal trajectory of a dynamic system – with regards to a given
optimality criterion – and its associated control.

In MRI application, the dynamic system corresponds to the

macroscopic magnetization M
!

¼ ðMx;My;MzÞ of spin ischromats
(defined in the Bloch sphere), whose evolution is governed by
the Bloch equation:
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with DB0 being the resonance offset, T1 and T2 the longitudinal and

transverse relaxation times,x
! ¼ ðxx;xyÞ the x and y components of

the RF pulse (corresponding to the control field of this optimal con-
trol problem) that will bring the macroscopic magnetization to the
user-defined target-state.

2.2. Pontryagin Maximum Principle

The OC problem is solved here with the application of the Pon-
tryagin Maximum Principle [27]. The PMP is formulated from the
definition of a pseudo-Hamiltonian:

H ¼ P
!
�
_
M
!

ð2Þ

where P
!
is the costate vector. It can be interpreted in this optimiza-

tion problem as a Lagrange multiplier associated to M
!
.

The PMP states that the optimal controlx
! opt must maximize the

Hamiltonian during the control time. Then, the optimal trajectories

(M
!

opt and P
!

opt) satisfy the following Hamiltonian equations:

_
M
!

opt ¼ @H

@P
!
opt

and
_
P
!

opt ¼ � @H

@M
!

opt
ð3Þ

Moreover, the optimal trajectories must satisfy the following
boundaries conditions:

M
!

optðt0Þ ¼
0
0
M0

0
B@

1
CA and P

!
optðtf Þ ¼ � @C

@M
!

optðtf Þ
ð4Þ

with C being the cost function defined by the user to achieve the
desired target-state, t0 and tf respectively the initial and final time

of the control duration. Initial magnetizationM
!
ðt0Þ is chosen here at

the equilibrium state.

2.3. GRAPE algorithm

This optimal control problem is solved with a purely numerical
approach using the GRAPE (GRadient Ascent Pulse Engineering)
algorithm [28], which is a gradient ascent algorithm introduced
for Nuclear Magnetic Resonance pulse design. It was implemented
for this study on Matlab (The MathWorks, R2014b).

2.3.1. Steps of the algorithm
This part presents the different steps of the GRAPE algorithm as

initially proposed. Starting from an initial control field (defined by
the user), this algorithm iteratively minimizes the cost function by
adjusting the control field at each iteration, while fulfilling the PMP
constraints. The different steps are:

1. Choice of the initial control field x0
!
.

2. Forward propagation of M
!
, from t ¼ t0 to tf , starting from M

!
0

(defined from initial boundary condition (4)).

3. Backward propagation of P
!
, from t ¼ tf to t0, starting from P

!
tf

(defined from final boundary condition (4) and M
!

tf ).
4. Update of the control field: computation of the following con-

trol field x
!ðkþ1Þ from control field x

!ðkÞ with:
x
!ðkþ1Þ ¼ x

!ðkÞ � a
@C

@x
! ð5Þ

with a > 0 the convergence step.
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Fig. 1. Illustration of the two phase patterns defined for the phase control
experiment with optimal control theory. Top row represents the spin target
positions in the transverse plane (MX ;MY ) of the Bloch sphere. Bottom row displays
the profile of spin isochromats phases along the readout direction.
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5. Repetition of steps 2–4 until the convergence criterion is
reached.

The gradient term @C
@x

! can be expressed as a function of the back-

ward propagation of the costate vector and forward propagation of
the magnetization vector and depends therefore only on two full
time evolutions.

2.3.2. Algorithm implementation details
The cost function gradient @C

@x
! needs to be calculated with an

accurate approximation in order to ensure fast and correct conver-
gence. We use here complex differentiation [29,30] to estimate this
cost function derivative. Let f be a real function of h defined on real
space, a small imaginary increment ie is added to h and the Taylor
series of f ðhÞ writes:

f ðhþ ieÞ ¼ f ðhÞ þ ief 0ðhÞ � e2

2
f ð2ÞðhÞ þ . . . ð6Þ

Assuming that e is small enough (e � 1), f 0ðhÞ can be expressed as:

f 0ðhÞ � Imðf ðhþ ieÞÞ
e

ð7Þ

The use of Eq. (7) as a derivative approximation significantly
improves the estimation accuracy compared to finite differences,
which is affected by subtractive cancelation when small values of
e are used. In the following sections, e is set to 10�10.

In the initial version of GRAPE algorithm [28], update of the
control field (step 4) is performed iteratively with a constant con-
vergence step a. In this study, in order to improve the convergence
speed and accuracy (compared to the simple gradient ascent opti-
mization method used in Eq. (5)), a second order approximation
scheme was performed, with the implementation of a lBFGS
quasi-Newton algorithm detailed in [31].

3. RF pulse generation with OC for phase control

3.1. Definition of cost function

Optimal control framework requires the formulation of a cost
function, that will be minimized during the optimization process.

The purpose of this paper is to control the magnetization phase,
and therefore to bring the magnetization of spins in a defined

target-state in the transverse plane M
!

?
TS ¼ ðMX ;MY Þ of the Bloch

sphere. We define the cost function to be minimized as:

Cðxx;xyÞ ¼
X
i

kM
!?

i ðtf Þ �M
!?

i;TSk2 ð8Þ

This cost function computes the quadratic error between two mag-

netization distributions, one being the target-state M
!

?
i;TS (defined in

more details in the next part) and the other one being the state of

magnetization at the end of the RF pulse x
!
. Depending on the spin

position (index i), spins magnetization M
!

?
i ðtf Þ will be assigned a

specific target-state M
!

?
i;TS.

3.2. Definition of target-states and phase patterns

First, the target-states defined below are in the transverse plane

(MX ;MY ) of the Bloch sphere. Therefore, this implies that M
!

?
����

���� ¼ 1

which leads to a resulting flip angle equal to p=2.
Then, for each spin isochromat, the target-state will depend on

their position i in a given direction, here chosen to be the readout.
Spin isochromats positions are discriminated through the applica-
tion of a gradient, which will be called the phase sensitizing gradient
and noted GOC , applied in the readout direction during the optimal
RF pulse. Thus, the pulse will lead isochromats to a certain state in
the transverse plane, depending on their resonance frequency off-
set f i.

The frequency resonance offset range Df (proportional to the
magnetic field offset) that should be controlled for a field of view
FOVx in the readout direction (let us denote x this direction) is:

Df ¼ c
2p

� GOC � FOVx: ð9Þ

This controlled resonance offset range, set to 10 kHz for all cal-
culated pulses, is discretized in 200 equidistant parts for the reso-
lution of the numerical optimal control problem: it results in a
frequency resolution of dDf ¼ 50 Hz. Moreover, this resonance off-
set range is divided in three or four (depending on the defined
phase pattern) intervals, to which are assigned a different target-
state in the transverse plane.

Two different non-trivial phase patterns in the transverse plane
(MX ;MY ) of the Bloch sphere were defined in this study, corre-
sponding to different phase image patterns.

Pattern A presents four different areas, with different constant
values of phase: 0, p, 0 and p. Pattern B consists in having three dif-
ferent phase evolutions along the readout direction: a linear phase
increase from 0 to p, a constant level equal to p and a linear
decrease from p to 0. They are represented in Fig. 1, with their cor-
responding profiles along the readout direction.
3.3. RF pulses generation for phase image control

3.3.1. Initialization and temporal resolution of the RF pulses

The initial control field x
!0ðtÞ for both generations of RF pulses

was set to a constant value: x
!0ðtÞ
���

��� ¼ 50 Hz and a phase equal to 0.

As the optimal control problem gives here a numerical solution
of the optimal RF pulses, they should be discretized in N time steps
of duration Dt during the time interval t0; tf

� �
. In this work, the fol-

lowing values were chosen: N ¼ 300, tf ¼ 6 ms and consequently,
Dt ¼ 20 ls.
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3.3.2. Relaxation times
RF pulses were generated with T1 and T2 values corresponding

to the ones of the agar gel phantom (agar concentration 1.5% in
weight) used in the MRI experiments, i.e. T1 ¼ 1500 ms and
T2 ¼ 130 ms.
2 For interpretation of color in Fig.4, the reader is referred to the web version of this
article.
3.3.3. Optimal RF pulses
Figs. 2 and 3 present the two computed RF pulses A and B (mag-

nitude and phase as a function of time). These figures also show the
simulated magnetization trajectories of spin isochromats, pro-
jected in the transverse plane. The different trajectories correspond
to the temporal evolution of isochromats with different
target-states, during the application of computed pulses.

For the pulse A, the trajectories of the 15th; 65th; 115th and

165th spin isochromats whose resonance offset frequencies are in
the range Df ¼ 200� dDf (belonging respectively to area 1, 2, 3
and 4) are plotted. For clarity purpose, the spin isochromats trajec-
tories of pulse B are divided in three plots, corresponding to the
three defined areas (linear increase, constant level and linear
decrease of the phase).

Final states are marked with a dot: these spins isochromats tra-
jectories plots highlight the good convergence of the OC pulses, as
final states are very close to the target-states defined on Fig. 1.

Finally, for the RF pulse corresponding to phase pattern B, the
resulting phase for different resonance offsets (blue2 asterisks) is
presented on Fig. 4 and compared to the profile of the target phase
(dark line). This figure also highlights the correct convergence of
the algorithm for pulse B: the resulting magnetization phase associ-
ated with pulse B is very close to the profile of the target phase
pattern.
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4. MRI simulations of phase control with ODIN

4.1. Simulation conditions

Simulations were performed using the MRI simulator ODIN
[25]. ODIN is a C++ software framework designed to develop and
simulate MR sequences. Once a virtual phantom and an MRI
sequence have been specified, it propagates the Bloch equations
in the defined virtual phantom throughout the whole sequence.

4.1.1. Generation of virtual phantom
A virtual phantom is generated by specifying the values of T1; T2

and proton density. For this work, a homogeneous phantom was
defined by using the T1 and T2 values of the agar phantom used
in our experiments and the phantom dimensions were set to
20 � 20 � 3 mm.

4.1.2. Sequence parameters
A spin-echo sequence, adapted for the OC pulse experiment,

was implemented in ODIN. To discriminate spin isochromats posi-
tions along the readout direction, the phase sensitizing gradient
GOC was applied simultaneously with the OC pulse. The slice selec-
tive gradient, applied usually during the excitation pulse, was
removed, but the refocusing pulse was kept selective. A chrono-
gram of the sequence is presented on Fig. 5.

The echo-timewas set to theminimumvalue possible in order to
limit signal loss and dephasing, and was fixed to TE = 6.6 ms. In this
OC-based acquisition, the echo-time is defined as the time between
the end of the RF pulse and the middle of the acquisition (peak of
signal). The repetition-time was sufficiently long to ensure full
longitudinal magnetization relaxation, and was fixed to TR = 5 s.
The phase sensitizing gradient GOC was fixed to 11.7 mT/m,
RF

Gx

OC pulse
180°

Acq

Gphase

Gslice

GOC Gread

Fig. 5. ODIN spin-echo sequence adapted for the optimal control pulse experiment.
according to Eq. (9) with frequency range Df ¼ 10 kHz and
FOVx ¼ 20 mm. Bandwidth of the acquisition was equal to 25 kHz.
Matrix size was 64 � 64 pixels.

4.2. Results

Magnitude and phase images resulting from ODIN simulations
are presented on Fig. 6, for both optimal RF pulses A and B. More-
over, the mean phase value for each column of the phase images
has been calculated and the resulting profiles plotted.

For both pulses, phase and magnitude images are consistent
with the expected results. The slight phase decrease in area 2 of
pulse B is consistent with the simulated profile obtained from
pulse B, as shown on Fig. 4. Standard deviations of the magnitude
images were calculated over the whole phantom and normalized
by the mean value, excluding phase transitions areas, and are pre-
sented in Table 1: signal magnitude presents very small standard
deviations for the two cases and is therefore nearly constant, as
expected.

In order to quantify the magnitude variation in the phase tran-
sition areas, the maximum variation on magnitude images was
also calculated with the following formula:

Maxvar ¼ I �MinI

I
;

with I the mean value on the magnitude image and MinI the mini-
mummagnitude value. Maximum variation is quite high for magni-
tude image resulting from pulse A. This magnitude image presents
actually an area with very low magnitude, corresponding to the
transition p! 0.

For each area of phase images (except areas 1 and 3 of pulse B),
a Region of Interest was defined by taking all pixels within the con-
sidered area, and mean and standard deviation were extracted.
Results are presented in Table 1. Phase values in the different areas
correspond to the expected ones.

For the linear phase variations of pulse B (area 1 and 3), the
mean value of each column has been calculated and the obtained
profile has been linearly fitted to a linear curve. The slope value
normalized to the frequency offset control range (10 kHz divided
in three intervals) has been extracted, with their coefficient of
determination, R2. The high values obtained for R2 (values close
to 1) indicate that phase variations are linear in these two areas
and the slope in both areas are close to the expected ones
(expected slopes: � p

10=3 rad/kHz = ±0.942 rad/kHz).

Finally, the phase image from pulse A presents sharp transitions
between the different areas. This demonstrates that optimal RF
pulses accurately control the phase, with good frequency
selectivity.

5. MRI experiments on phase control

5.1. Experimental conditions

Experiments were carried out on a homogeneous agar phantom
(agar concentration 1.5% in weight). T1 and T2 values were mea-
sured using an exponential fit of the water peak acquired with a
localized Point RESolved Spectroscopy (PRESS) sequence, for differ-
ent TE and TR. They were found to be T1 = 1500 ms and
T2 = 130 ms. The phantom was cylindrically-shaped, with a diame-
ter equal to 27 mm and a height of 50 mm.

MRI measurements were run on a Bruker 4.7 T small-animal
MRI system, with a cylindrical inner-diameter 30 mm bird-cage
mouse coil. A spin-echo sequence, similar to the one used for ODIN
simulations (Fig. 5), was used with 64� 64 matrix and
FOV = 3:25� 3:25 cm2. GOC was set to 8 mT/m, according to Eq.
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Fig. 6. Magnitude and phase (in radians) images obtained from ODIN MRI simulations, with the two RF pulses A and B (FOV = 4 � 4 cm2 and matrix = 64 � 64 pixels) and
corresponding mean phase profiles on bottom row.

Table 1
Standard deviations (std) and maximum variations (Maxvar) of magnitude images. Mean values of phase (with corresponding standard deviations) of the different areas of phase
images, in radians, and slopes for linear variations, obtained from the two different pulses A and B (Figs. 6 and 7).

ODIN MRI

Pulse A Area Expected phase
1 0 �0.01 ± 0.14 �0.16 ± 0.17
2 p 3.13 ± 0.06 2.99 ± 0.07
3 0 �0.01 ± 0.18 �0.20 ± 0.08
4 p 3.12 ± 0.13 3.02 ± 0.07

Standard deviation of magnitude 4.0% 8.6%
Maxvar 0.62 0.70

Pulse B Area Expected phase or slope
1 0.942 rad/kHz 0.950 (R2 = 0.986) 0.969 (R2 = 0.995)
2 p 3.12 ± 0.11 3.02 ± 0.09
3 �0.942 rad/kHz �0.893 (R2 = 0.999) �0.888 (R2 = 0.996)

Standard deviation of magnitude 3.1% 7.3%
Maxvar 0.04 0.07
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(9). Optimal RF pulses used in the following two MRI experiments
were exactly the same as the ones used for the ODIN simulations.
The echo-time was set to 9.8 ms and the repetition-time to 5 s.

5.2. Slice selectivity

The optimal RF pulses are applied without slice selective gradi-
ents. Therefore the obtained signal comes from the overall sample.
In order to get rid of refocused artefactual signal coming from
extremities of the phantom, spatial saturation bands were added
in the slice direction and, similarly to the Odin simulation, the refo-
cusing pulse was kept selective.

5.3. Results

Fig. 7 presents the resulting magnitude and phase images
obtained from MRI measurements, for both optimal pulses A and
B. The mean phase of each column on the phase images has been
calculated and the resulting profiles are also presented on Fig. 7.
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Fig. 7. Magnitude and phase (in radians) images obtained from MRI measurements, wit
and corresponding mean phase profiles on bottom row.
Here again, magnitude and phase images are consistent with
expected results. Acquired magnitude images are nearly homoge-
neous in the whole phantom, as shown on Table 1, except for
regions close to the coil, corresponding to the B1 magnetic field
inhomogeneities coming from the copper rungs of the volume coil.
Phase values, presented in Table 1, also correspond well to the
defined target-states. A slight difference of less than 0.2 rad s�1

can be observed between expected values and obtained phase
patterns.

Finally, resulting phase image from pulse A presents the same
sharp profiles than the ones obtained in simulation, showing that
the RF pulses accurately control the phase in real conditions.

6. An example of application: Magnetic Resonance Elastography

Results presented in previous parts validate the possibility to
accurately control themagnetization phasewith RF pulses, in a sim-
ple experimentwith a static resonance offset applied (througha gra-
dient) during the pulse. A practical application of this phase control
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is now presented with the generation of RF pulses adapted for Mag-
netic Resonance Elastography. This is amore complex framework as,
in this application, the resonance offset DB0 is time-dependant and
thus changes during the application of the RF pulse.

What is proposed here is to use a constant gradient, applied in
the motion direction during the RF pulse, with no further encoding.
Spins position along the wavelength will be discriminated depend-
ing on the magnetic field variation coming from the wave propaga-
tion coupled with the constant gradient, and the RF pulse will then
lead spins in different final positions. The aim is to obtain at the
end of the RF pulse a linear magnetization phase distribution that
encodes the wave propagation.

6.1. Introduction on Magnetic Resonance Elastography

Magnetic Resonance Elastography is a MR non-invasive method
enabling the characterization of viscoelastic properties of tissues
[3]. Shear waves are induced in the tissue of interest using an
external driver. Tissue motion is then encoded in phase images
with a motion-sensitive MR imaging sequence and these images
are finally processed to map and quantify the viscoelastic proper-
ties of the tissue.

In MRE sequences, a periodic gradient called Motion-Encoding
Gradient (MEG) is applied synchronously with the external har-
monic excitation, typically at the same frequency and along the
direction of the cyclic motion of spins. The cyclic spin motion in
combination with the MEG causes a measurable phase-shift in
the NMR signal, proportional to the scalar product of the displace-
ment vector and the MEG vector, and to the duration of the MEG.
Acquired phase images correspond to a snapshot of the mechanical
wave propagation within the tissue.

More precisely, the combination of the MEG and the motion
induced by shear waves produces a change in the magnetic field
perceived by spins. Assuming no delay between the MEG and the
mechanical excitation, this time-dependent variation writes:

DB0ðx; z; tÞ ¼ Gz sinð2pf etÞ zþ A� sin �2pf et þ 2p x
k

� �� �
ð10Þ

with z the cyclic spin motion direction, x the direction of wave prop-
agation, Gz the amplitude of the MEG in spin motion direction, A the
amplitude of periodic motion, f e the motion frequency, and k the
wavelength.

Phase accumulation over one period oscillation is then given by:

/ðx; zÞ ¼ c
Z 1=f e

0
DB0ðx; z; tÞdt ¼ � cGzA

2f e
cosð2p x

k
Þ ð11Þ
6.2. Adaptation of Bloch equations for MRE

Fig. 8(a) presents the wave propagation and coordinate system
used here for the definition of the optimal control problem.
Fig. 8. (a) Wave propagation pattern at a fixed time. The wave propagates in the x-direct
The wave oscillates at frequency f e , corresponding to the wavelength k. (b) Discretizatio
In this OC problem, a constant gradient is applied during the
wave propagation (and the application of the RF pulse) in motion
direction. Therefore, the Eq. (10) becomes:

DB0ðx; z; tÞ ¼ Gzðzþ A� sinð�2pf et þ 2p x
k
ÞÞ ð12Þ

with Gz being the amplitude of the constant gradient applied in the
spin cyclic motion direction. This dynamic resulting resonance off-
set DB0ðtÞ is integrated in the Bloch equations (Eq. (1)) during the
optimization process.

6.3. Definition of target-state and cost function

We propose to design a RF pulse that encodes the wave propa-
gation in the phase image. For that purpose, we define a cost func-
tion that: (i) linearly distributes the spins phase on the interval
½0;2p½, and (ii) maximizes the spins transverse magnetization.
The target-states thus lie on the unit circle of the normalized trans-
verse magnetization plane. Let Nspins be the number of considered
spins equally spaced along a wavelength of the propagation wave
(Fig. 8(b)), and s 2 ½0;Nspins � 1� the spin index, the cost function
writes:

Cðxx;xyÞ ¼
XNspins�1

s¼0

M
!?

s ðtf Þ �M
!?

s;TS

����
����
2

ð13Þ

with M
!

?
s;TS the target-state vector (in the transverse plane), defined

as:

M
!?

s;TS ¼
cos s� 2p

Nspins

� �

sin s� 2p
Nspins

� �
0
B@

1
CA ð14Þ

Depending on their positions along the wavelength, spins will
be assigned a different magnetization phase target-state.

6.4. RF pulse generation

6.4.1. RF pulse parameters
The RF pulse was optimized for a motion amplitude A = 15 lm,

and for an excitation frequency f e = 500 Hz. A constant gradient in
the spin motion direction was set to 84 mT/m. The pulse was opti-
mized by discretizing the wavelength in Nspins ¼ 10 spins. Its dura-
tion was fixed to 20 ms.

6.4.2. Pulse bandwidth
The constant gradient applied in the spin motion direction is

also used as the slice selective gradient. The optimal pulse must
ensure a consistent spins distribution throughout the whole band-
width corresponding to the desired slice thickness. In practice, this
is done by discretizing a frequency interval, on which the pulse is
ion and spin motion is in the z-direction. A gradient, Gz , is applied in the z-direction.
n of one wavelength into 10 phase offsets.
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optimized, and by increasing iteratively the frequency interval
(and thus increasing the total number of spins to be controlled),
and therefore the slice thickness until the required value is
reached. The slice thickness is directly determined by the consid-
ered frequency range (bandwidth), and the strength of the gradient
applied in slice direction.

In this RF pulse generation, the final frequency interval was set
to 1782.5 Hz (corresponding to a slice thickness of 500 lm with a
gradient equal to 84 mT/m). The pulse was optimized throughout
the frequency interval of 1782.5 Hz, with 113 steps and a fre-
quency step equal to 15.7 Hz. Total number of controlled spins is
therefore 1130 (10 spins over the wavelength are controlled).

6.4.3. MRI coil physical constraints
RF pulses calculated through OC theory must respect practical

constraints of the coils and the RF amplifiers used in experiments,
in particular their peak amplitude. Thus, during the optimization
process, the maximum RF amplitude was constrained to 2120 Hz.

Fig. 9 presents the generated RF pulse (magnitude and phase).

6.5. Simulation with ODIN

A dynamic numerical phantom, with dimensions 4 � 4 cm2,
was generated with pre-defined T1 and T2 maps (same as for MRI
experiments, see below). Two different motion wavelengths were
simulated in two different numerical phantoms. The effect of the
motion in the virtual phantom was directly encoded as a B0 field
shift [32], given by:

DB0ðx; tÞ ¼ AGz � sin �2pf et þ 2p x
k

� �
� e�ax ð15Þ

with Gz set to 84 mT/m, k the wavelength of the propagating wave
set to 10 mm in the first simulation and to 15 mm in the second
simulation. The exponential term a represents the attenuation of
the wave during its propagation, due to viscosity effects, and was
fixed to 50 m�1. A gradient-echo sequence was used: the echo-
time was set to 4 ms and the repetition-time to 1500 ms.

Resulting phase images, with the optimal RF pulse (plotted on
Fig. 9), are presented on Fig. 10 for the two different numerical
phantoms (with k = 10 mm and k = 15 mm) with their profiles
along the propagation direction. Phase profiles are consistent with
expected linear phase distributions, from �p to p, over one wave-
length. Both phase profiles have a wavelength that corresponds to
the value attributed to the phantom during phantom generation
(10 mm and 15 mm). As a reminder, both simulations have been
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Fig. 9. Magnitude and phase of the optimal RF pulse associated to the elastography
problem, as a function of time.
carried out with the same constant gradient Gz. Note that the phase
profiles are not affected by the wave attenuation, as expected.
6.6. MRE experiment

6.6.1. Acquisition of phase images
The MRE experiments were performed on a Bruker 4.7 T MRI

system, with a 70 mm volume coil. Shear waves were induced in
the phantom using a non-invasive custom-made device maintain-
ing the medium between two plates [33], the upper one being fixed
while the lower one being activated by a piezoelectric actuator
(CEDRAT Technologies). Acquisitions were performed for an excita-
tion frequency equal to 500 Hz, corresponding to the one used for
the pulse generation.

A standard plastisol phantom was prepared (Plastileurre Stan-
dard, Bricoleurre, France), as its response to an excitation fre-
quency of 500 Hz was already characterized [33]. T1 and T2

values were found to be 300 and 25 ms respectively with a PRESS
sequence.

The MR sequence was a gradient-echo sequence, with an echo-
time equal to 1.9 ms, a repetition-time set to 1500 ms, a
FOV = 4 � 4 cm2, 64 � 64 matrix, and 2 accumulations.

Similarly to usual MRE experiments [34], the acquisition was
performed twice, with a 180� phase shift of the wave propagation
in the second acquisition, and phase-difference images have been
calculated in order to remove static phase contributions. For both
cases, data for four different phase offsets (equidistant over one
cycle) have been acquired, giving four different snapshots of the
wave propagation through the phantom.

Resulting phase-difference images, at two different phase off-
sets of the wave propagation, are displayed in Fig. 11. No filtering
was applied to these phase images. Despite the presence of noise,
wave pattern is clearly visible in this figure and consistent with
the expected wavelength at 500 Hz (approx. 10 mm) for plastisol
phantom [33]. The subtraction of two linear and periodic phase
distributions with a 180� phase shift is a square distribution con-
sistent with the phase distribution in Fig. 11.

As a comparison, a conventional MRE experiment was also per-
formed, with a gradient echo sequence at the same excitation fre-
quency (500 Hz), and with the following parameters: TE = 14 ms
(minimum echo-time achievable), TR = 1500 ms, FOV = 4 � 4 cm2,
64 � 64 matrix, 2 accumulations, slice thickness = 500 lm, and 4
encoding phase steps.
6.6.2. Reconstruction of elastic properties
Shear storage modulus (G0) has been calculated from phase

images obtained with conventional MRE and OC MRE, with a
well-established Helmholtz inversion algorithm and reconstruc-
tion pipeline detailed in the reference [33]. In short, the resulting
four image offsets, corresponding to four snapshots of the wave
propagation over one cycle, were temporally Fourier transformed,
and the first harmonic (corresponding to the excitation frequency)
was extracted. Next a band-pass Butterworth filter was applied to
remove noise. Finally, storage modulus, corresponding to the elas-
ticity of the phantom, was determined by applying a 2D Helmholtz
inversion algorithm.

Fig. 12 presents the real part of the temporal filtered Fourier
transform of phase images obtained from conventional MRE and
from OC MRE. Both images display a similar wavelength. Note that
the first harmonic of the Fourier transform of a square wave
(Fig. 11) is a sinusoid at the same frequency, and it is therefore con-
sistent with Fig. 12.

A Region of Interest (ROI), excluding the edges of the phantom,
was defined on the obtained elastograms. The mean storage mod-
ulus for conventional MRE was G0 ¼ 25:9� 1:72 kPa, and for OC



Fig. 10. Phase images (in radians) obtained from the optimal RF pulse associated to the elastography problem, with the ODIN MRI simulation for two different wavelengths
(k ¼ 1 cm and k ¼ 1:5 cm), and their corresponding profiles.
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Fig. 11. Phase images (in radians) obtained from the subtraction of the two MRE experiments with a 180� phase shift, at two different time steps of wave propagation (90�
phase shift between these two images).
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MRE G0 ¼ 24:2� 3:35 kPa. Despite a slightly higher standard devi-
ation, the average storage modulus obtained for OC MRE is compa-
rable to the one of conventional MRE. This shows that an MRE
experiment performed with OC-designed RF pulses can give elas-
ticity values comparable to the classical approach.
7. Discussion

Our goal in this paper was to explore the use of RF pulses,
designed with optimal control theory, to actively control the MR
phase signal.

First, resulting phase images in Sections 4 and 5 present a very
good agreement with the desired phase patterns, in both simula-
tions and experiments on phantom. These initial results validate
the ability of optimal RF pulses to control the magnetization phase,
based on the spins oscillation frequency. Note that in this study,
the phase pattern was arbitrarily created in the readout direction.
The results can be extended to any other dimension with the same
RF pulses.

These pulses were calculated for specific T1 and T2 values, as
they have to be specified in the Bloch equations. However, pulses
A and B can be used with tissues presenting different T1 and T2 val-
ues or with heterogeneous tissues: numerical simulations were
performed (and not shown here) and obtained phase profiles were
not affected by a change in the relaxation times.

Computation times required for the design of the RF pulses A
and B depend on the frequency range offset. Running the algorithm
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Fig. 12. Real part of the temporal filtered Fourier transform of phase images obtained from conventional MRE and OC MRE.
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on a 4 � 2.7 GHz machine using Matlab (The MathWorks, Inc., Nat-
ick, MA, USA, R2014b) takes less than fifteen minutes for a fre-
quency range of 10 kHz, with a frequency discretization of 50 Hz
(200 intervals considered in the frequency range offset), as it has
been chosen in this study.

The current implementation of the optimization algorithm
requires a unique magnetization state as a boundary condition,
which was chosen here as the thermal equilibrium. Thus, the
acquisition strategy requires long TRs, as we have to wait for full
longitudinal relaxation after each excitation, before performing
the next RF pulse. However, a turbo spin-echo sequence could be
used to accelerate the acquisition.

After these initial experiments, the use of optimal RF pulses in a
more practical framework was investigated. MRE was chosen as a
proof-of-concept, and results presented in Section 6 show, for the
first time, the possibility to acquire MRE phase images without
an oscillating gradient but with a combination of a RF pulse and
a constant gradient. This shows the ability of optimal RF pulses
to accurately control the phase in the presence of a dynamic evo-
lution of the static field.

A first advantage of using optimal RF pulses here is the very
short echo-time achievable. In standard MRE sequences, motion-
encoding gradients typically last between 5 and 10 ms and
lengthen therefore the echo-time. During this time, magnetization
relaxation occurs and this echo-time increase can be critical for
some tissues with very short T2, as in the healthy mouse liver
where T2 value is equal to about 20 ms at 7 T [35], or at low fre-
quency (where duration of the MEG is longer). OC-designed RF
pulses take into account T2 relaxation during optimization process
and thus maximize signal at the end of the OC pulse.

Using OC RF pulses also relaxes the constraint on having a peri-
odic gradient, and thus avoids fast gradient switching which is a
hardware limitation. Some MRE applications require very high fre-
quencies, in the kilohertz range [36], which are not achievable in
standard MRI systems. The use of OC pulse can be a solution to
image shear waves in these frequency ranges.

Slice selectivity is controlled in this MRE case by the combina-
tion of a frequency offset range (on which the pulse has been opti-
mized) and a gradient in the slice direction, that is also the motion
direction. However, it is hard to predict the behavior of the spins
that lie outside the control range. This could explain the noise
observed in the MRE phase images in Fig. 11. Results presented
here on MRE are preliminary but encouraging, as wave propagation
is clearly encoded in the phase images and reconstructed storage
modulus G0 consistent. Future improvements will imply a better
understanding of spin behavior outside the control range, and
the investigation of new cost function definitions.
8. Conclusion

This work validates the use of optimal control RF pulses to accu-
rately and actively control the magnetization phase in MRI. As a
proof-of-concept, RF pulses were computed to create non-trivial
phase patterns. Both simulations and experiments on phantom
present good match with the desired patterns. Optimal RF pulses
were also designed in the context of MR elastography, to show
their interest in a more practical framework. Preliminary results
demonstrate, for the first time, that optimal RF pulses can be used
to encode the dynamic wave propagation without the use of oscil-
lating gradients.

RF-based phase encoding would present several advantages
over standard techniques based on gradient switching (shorter
TE, reduction of eddy currents, ability to overcome limitations
due to gradient switching rates). This work can open new research
fields on MRI phase-based sequences, with the use of RF pulses
that directly encode physical information in the MR phase image.
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